Abstract. The aim of present work is to present some inclusion relations between the concepts of Wijsman I 2 −lacunary statistical convergence and Wijsman strongly I 2 −lacunary convergence for double sequences of sets. Also we study the concepts of Wijsman I 2 −statistical convergence, Wijsman I 2 − lacunary statistical convergence double sequences of sets and investigate the relationship among them.
ray and Rhoades [17] ; Wijsman [32] , [33] ; Nuray and Kişi [10] , [11] , [12] ). Nuray and Rhoades [17] introduced the notion of statistical convergence of sequences of sets. Ulusu and Nuray [28] defined the Wijsman lacunary statistical convergence of sequence of sets, and considered its relation with Wijsman statistical convergence, which was defined by Nuray and Rhoades [17] . Ulusu and Nuray [29] introduced the notion of Wijsman strongly lacunary summability for sequences of sets and discussed its relation with Wijsman strongly Cesàro summability.
Das et al. [5] introduced new notions of convergence, namely I−statistical convergence and I−lacunary statistical convergence by using ideal approach. I− convergence of real sequences was extended to the sequences of sets by Kişi and Nuray [10] . Kişi et al. [11] defined Wijsman I−statistical convergence and Wijsman I− lacunary statistical convergence of sequences of sets. Sever et al. [25] investigated the ideas of Wijsman strongly I−lacunary convergence, Wijsman strongly I * −lacunary convergence and Wijsman strongly I−lacunary Cauchy sequences of sets. The notions of convergence, statistical convergence and ideal convergence of double sequences of sets were studied by Nuray et. al [18, 19, 20, 21, 22] .
Nuray et al. [20] studied Wijsman Cesàro summability and Wijsman lacunary convergence of double sequences of sets.
In this paper, we investigate the relationship between Wijsman I 2 −statistical convergence, Wijsman I 2 −lacunary statistical convergence and Wijsman strongly I 2 lacunary convergence of double sequences of sets.
Definitions and notations
In this section, we recall some definitions and notations, which form the base for the present study.
Definition 1 ([13]).
A family of sets I ⊆ 2 N is called an ideal if and only if (i) ∅ ∈ I, (ii) for each A, B ∈ I we have A ∪ B ∈ I, (iii) for each A ∈ I and each B ⊆ A we have B ∈ I.
Definition 2 ([13]).
A family of sets F ⊆ 2 N is a filter in N if and only if (i) ∅ / ∈ F, (ii) for each A, B ∈ F we have A ∩ B ∈ F, (iii) for each A ∈ F and each B ⊇ A we have B ∈ F.
If I is proper ideal of N (i.e., N / ∈ I), then the family of sets
is a filter of N and it is called the filter associated with the ideal I. An ideal is called non-trivial if N / ∈ I and non-trivial ideal is called admissible if {n} ∈ I for each n ∈ N.
Definition 3 ([2]
). Let (X, d) be a metric space. For any non-empty closed subsets A, A k ⊆ X, we say that the sequence {A k } is Wijsman convergent to A if lim
for each x ∈ X. In this case we write W − lim k→∞ A k = A.
As an example, consider the following sequence of circles in the (x, y)-plane: A k = {(x, y) : x 2 + y 2 + 2kx = 0}. As k → ∞, the sequence A k is Wijsman convergent to the y-axis A = {(x, y) : x = 0}.
Definition 4 ([17]
). Let (X, d) be a metric space. For any non-empty closed subsets A, A k ⊆ X, we say that the sequence {A k } is Wijsman statistically convergent to A if {d (x, A k )} is statistically convergent to d (x, A); i.e., for each ε > 0 and for each x ∈ X,
In this case we write st − lim W A k = A. Also the concept of bounded sequence for sequences of sets was given by Nuray and Rhoades [17] . Let (X, d) be a metric space. For any non-empty closed subsets A k of X, we say that the sequence
By a lacunary sequence we mean an increasing integer sequence θ = {k r } such that k 0 = 0 and h r = k r − k r−1 → ∞, r → ∞. Throughout this paper the intervals determined by θ will be denoted by I r = (k r−1 , k r ], and ratio
will be abbreviated by q r.
Definition 5 ([28]
). Let (X, d) be a metric space and θ = {k r } be a lacunary sequence. For any non-empty closed subsets A, A k ⊆ X, we say that the sequence {A k } is Wijsman lacunary statistical convergent to A if {d(x, A k )} is lacunary statistically convergent to d(x, A); i.e., for ε > 0 and for each x ∈ X,
In this case we write
Definition 6 ([29]
). Let (X, d) be a metric space and θ = {k r } be a lacunary sequence. For any non-empty closed subsets A, A k ⊆ X, we say that {A k } is Wijsman lacunary summable to A if {d(x, A k )} is lacunary summable to d(x, A); i.e., for each x ∈ X,
In this case we write A k → A(W N θ ).
Definition 7 ([29]
). Let (X, d) be a metric space and θ = {k r } be a lacunary sequence. For any non-empty closed subsets A, A k ⊆ X, we say that {A k } is Wijsman strongly lacunary summable to A if {d(x, A k )} is strongly lacunary summable to d(x, A); i.e., for each x ∈ X,
Definition 8 ([10]
). Let (X, d) be a metric space and I ⊆ 2 N be a proper ideal in N. For any non-empty closed subsets A, A k ⊂ X, we say that the sequence {A k } is Wijsman I−convergent to A, if for each ε > 0 and for each x ∈ X, the set,
belongs to I. In this case we write
, and the set of Wijsman I−convergent sequences of sets will be denoted by
A double sequence x = (x k,l ) has a Pringsheim limit L (denoted by P − lim x = L) provided that for given ε > 0, there exists n ∈ N such that |x k,l − L| < ε, whenever k, l > n. We describe such a double sequence x = (x k,l ) more briefly as "P-convergent".
The double sequence (x k,l ) is bounded if there exists a positive integer M such that |x k,l | < M for all k and l. We denote the space of all bounded double sequences by l 2 ∞ . Throught the paper, A, A k,l be any non-empty closed subsets of X.
Definition 9 ([18]
). The double sequence {A k,l } is Wijsman convergent to A, if for each x ∈ X In this case we write W 2 − lim A k,l = A.
Definition 10 ([18]
). The double sequence {A k,l } is Wijsman statistically convergent to A, if for each x ∈ X and for every ε > 0,
The set of Wijsman statistically convergent double sequences will be denoted by
By I 2 we will denote the admissible ideal of N × N and by θ r,s = {(k r , l s )} a double lacunary sequence of positive real numbers, respectively, unless otherwise stated.
A double sequence θ = θ r,s = {(k r , l s )} is called double lacunary sequence if there exist two increasing sequences of integers (k r ) and (l s ) such that
We will use the following notation k r,s := k r l s , h r,s := h r h s and θ r,s is determined by
and q r,s := q r q s .
For details on double lacunary sequence we refer to [22] .
Definition 11 ([22]
). The double sequence {A k,l } is Wijsman lacunary statistically convergent to A, if for each x ∈ X and for every ε > 0,
In this case we write st 2 − lim W θ A k,l = A.
Definition 12 ([18]
). Let I 2 be an admissible ideal of N × N. We say that the double sequence {A k,l } is Wijsman I 2 −convergent to A, if for each ε > 0 and for each x ∈ X, the set,
In this case, we write A k,l → A (S (I 2 )). The class of all Wijsman I 2 −statistically convergent double set sequences will be denoted by S (I 2 ).
Definition 14 ([31]
). Let θ r,s = (k r,s ) be a double lacunary sequence and I 2 be an admissible ideal of N × N. The double set sequence {A k,l } is said to be Wijsman I 2 −lacunary statistically convergent to A or S θr,s (I 2 )-convergent to A if for each ε > 0, for each x ∈ X and δ > 0,
In this case, we write A k,l → A S θr,s (I 2 ) . The class of all Wijsman I 2 −lacunary statistically convergent sequences will be denoted by S θr,s (I 2 ) .
Definition 15 ([31]
). Let θ r,s = (k r,s ) be a double lacunary sequence. Then a double set sequence {A k,l } is said to be Wijsman strongly I 2 −lacunary convergent to A or N θr,s (I 2 ) −convergent to A, is for every ε > 0, and for every x ∈ X,
In this case, we write A k,l → A N θr,s (I 2 ) .
Main results
In this section, we investigate the relationship between Wijsman I 2 −statistical convergence, Wijsman I 2 −lacunary statistical convergence and Wijsman strongly I 2 −lacunary convergence of double sequences of sets.
The following theorem is a 2-dimensional analogue of Ulusu and Dündar's theorem presented in [30] , and Wijsman type of result presented in [14] . Theorem 1. If I 2 is an admissible ideal of N × N, θ r,s = (k r,s ) is a double lacunary sequence and A kl , B kl are non-empty closed subsets of X,
Proof. (i) − (a). Let ε > 0 and A k,l → A N θr,s (I 2 ) . Then we can write
and so
Then, for each x ∈ X and for any δ > 0, we have the containment (r, s) ∈ N × N :
which implies that
Hence we have A k,l → A S θr,s (I 2 ) .
98Ömer KİŞİ (i) − (b). Let θ r,s = (k r,s ) be given and let us define a set sequence {A k,l } as follows: 
where [.] denotes the greatest integer function.
It is clear that {A k,l } is an unbounded double set sequence. Morever, for each ε > 0 and for each x ∈ X we have
Then for any δ > 0 we get
hr,s] hr,s = 0, it follows that the set on the right side is finite and therefore belongs to I 2 . This shows that
and therefore we have {A k,l } → {(0, 0)} S θr,s (I 2 ) . On the other hand for some fixed x ∈ X, 
This shows that A k,l → {(0, 0)} N θr,s (I 2 ) does not hold.
(ii) Suppose that A k,l → A S θr,s (I 2 ) and {A k,l } ∈ l 2 ∞ . Then there exists a M > 0 such that
Hence, for each x ∈ X we have
Therefore A k,l → A N θr,s (I 2 ) . This completes the proof.
Theorem 2. For any double lacunary sequence θ r,s = (k r,s ), if lim inf r,s q r,s
Proof. Suppose first that lim inf r,s q r,s > 1, then there exists δ > 0 such that q r,s ≥ 1 + δ for sufficiently large r,s. Then we have
.
If A k,l → A (S (I 2 )), then for every ε > 0 and for sufficiently large r, s, we have 1
Then for any µ > 0, we get
This completes the proof.
A is a finite set} is a non-trivial ideal, and θ r,s = (k r,s ) is a double lacunary sequence with lim sup r,s q r,s < ∞, then we have
Proof. If lim sup r,s q r,s < ∞, then there exists a K > 0 such that q r,s < K for all r, s ≥ 1. Suppose that {A k,l } → A S θr,s (I 2 ) and let
Since {A k,l } → A S θr,s (I 2 ) , then for every ε > 0 and δ > 0, we have This shows that {A k,l }
→ {A}.
